Introduction
The improvements in laser manufacture allow today operat− ing uncooled direct modulated semiconductor laser diodes (SLDs) over abroad temperature range. Given that, a strong cost reduction in optical systems can be achieved by elimi− nating costly laser temperature control. Uncooled SLDs have been considered as a key technology for future optical networks systems [1] . It is well known that temperature variation affects t on where it increases with increasing tem− perature due to the temperature dependence of threshold current and other laser cavity parameters. The temperature dependence of threshold current has been empirically described by the well−known exponential Pankove relation via the use of two parameters T co and I co that are known as the characteristics of both temperature and current [2] . It is known that T co is not strictly constant with temperature [2] .
On the other hand, turn−on time delay (t on ) has been studied previously either numerically or approximately due to the difficulty of integration of the carrier density rate equation 
where A, B, and C are the nonradiative, radiative, and Auger recombination coefficients, respectively. It is well known that the carrier density rate equation can be easily integrated with respect to the carrier density N under specified assump− tion, i.e., neglecting one or two of recombination coeffi− cients. However, in Ref. 3 , the authors have derived a closed analytical expression of t on in term of A, B, and C. Due to the initial assumption, the injection current has been assumed in term of the pump carrier density N p and other laser cavity parameters. In addition, the injection current I inj has been assumed to be changed with the change of recombination coefficients, therefore, the simulation results in Ref. 3 have depicted that t on decreases as A, B, or C increases. It means that t on can be reduced by increasing the recombination losses inside laser cavity! (see also Ref. 4) . This is impracti− cal conclusion and can be applied only to a very special case, i.e., the designer should modify I inj according to the change of A, B, or C to keep the ratio I p /I th constant. This case is difficult to be performed and does not represent the normal operation of SLD where the latter is supposed to be supplied by a relatively fixed value of I inj . Moreover, to our knowledge, exact and analytical calcula− tion of temperature dependence of t on of uncooled SLD in term of temperature dependence of laser cavity parameters and in presence of data pattern effect has not been reported yet.
The objective of this paper is to investigate the tempera− ture dependence of t on analytically according to the tempe− rature dependence of laser cavity parameters and in presence of data pattern effect. Advanced exact and analytical model is developed to represent t on in term of N, I inj , A, B, and C. The temperature dependence of t on is calculated according to the temperature dependence of C and N th which is calcu− lated according to the temperature dependence of laser ca− vity parameters, carrier density at the transparency N t , the gain coefficient g c , and the photon life time t p . The tempera− ture dependence of the latter is calculated according to the temperature dependence of the cavity internal loss a i . The proposed model is valid to any type of SLD which carrier density rate equation may be assumed/adapted as in Eq. (11) below and at any value temperature degree within the range of 25-85°C. In addition, the external injection currents are assumed corresponding to the constant value of I th [i.e. I th (T o ) where T o is the room temperature, assumed T o = 25°C). In other words, the current source supplies the fixed value of currents that do not relate to any change inside the laser cavity. To support the validity of our proposed model: l simulation results were compared with a numerical method where a complete agreement has been achieved, l approximated models were included (see appendices C, D, and E) where under specified assumptions our model reduces to the well−known expression forms of t on . Our results reveal that the knowledge about values of dc−bias current required to achieve zero t on is necessary to be obtained. According to our typical values and at a speci− fied value of modulation current, the dc−bias current I ib , injected to uncooled SLD, should be increased from I ib = I th to I ib »1.25 and 1.5I th in order to achieve approximately zero t on when the temperature of operation increases from 25°C to 55°C and 85°C, respectively.
The paper is organized as follows. First, the analytical calculation of temperature dependence of the threshold car− rier density N th together with temperature dependence of Au− ger coefficient C are presented in Sect. 2. In Sect. 3, the tem− perature dependence of the initial carrier density N i is mod− elled taking into account the effect of both dc−bias current and data pattern. The proposed model of t on is derived in Sect. 4 and a detailed description of the temperature dependence of t o is involved. The paper is concluded in Sect. 5.
Temperature dependence of threshold carrier density
From the steady state analysis of carrier density rate equa− tion, we can model the temperature dependence of N th of a single mode uncooled SLD as
where we modified the well−known equation [4, 5] consider− ing N T t ( ), g T c ( ), and t p T ( ) as the temperature dependen− ces of carrier density at transparency, gain coefficient and photon lifetime respectively, G is the optical confinement factor and v g = C light /n g is the group velocity, C light = 3×10 10 cm/s is the speed of light in space and n g is the group refrac− tive index, assumed n g = 3.7. In Eq. (2) , N T t ( ) and g T c o ( ) are given by Morgado and Cartaxo [6] as
where N t o and g c o are the carrier density at transparency and gain coefficient at room temperature, assumed T o = 25°C, respectively. In Eq. (2), the temperature dependence of pho− ton lifetime for distributed feedback (DFB) laser, can be expressed corresponding to temperature dependence of the internal cavity loss a i T ( ) as
with a a
where L is the cavity length, r 1 and r 2 are the laser reflec− tivities, and a i o is the internal cavity loss at room tempera− ture [6] . In Eq. (5), we assumed that t p is dominated by mir− ror loss [6] . It can be readily noted that N th increases as the temperature T increases due to decreasing the gain g c o and increasing internal cavity loss a i and the carrier density at transparency N t . The temperature dependence of Auger recombination coefficient C is included within the temperature dependence of laser recombination pr°Cess. It is given by [6] as
where C o = 3×10 -29 cm 6 s -1 is the value of C at T o , K B is the Boltzman constant and E a is the activation energy. The above equation reveals that C increases when either the tem− perature T or E a is increased. E a is larger than for 1.55 μm InGaAsP/InP lasers and smaller than for 1.3 μm InGaAsP/ InP [7] . E a is assumed here to be 64 mV for 1.55 μm devices [7] . According to Ref. 
Temperature dependence of initial carrier density
When the SLD is directly modulated by a digital current, at the beginning of each pulse the carrier density N will increase during the pulse period, from a specified initial value (i.e. where T inter− val is the length of space−time interval between the previous and the next pulse, N off is the number of OFF pulses/"0" bits preceding the considered ON pulse/bit "1" and T b is the bit time (=1/B rate , where B rate is the bit rate). In addition, assum− ing long T interval , the minimum value of the carrier density N i which acts as initial one for the next pulse will be depended only on the external dc−bias current. Generally, the decay of N after the end of a pulse can be modelled as
decay th ta ib
where a is the decay factor that depends on T e and T interval and N ib is the carrier density that accords to the dc−bias cur− rent (I ib ), see appendix A. Equation (8) , and 85°C, respectively, and for different values of r = I ib /I th where the latter is the ratio of dc−bias to threshold cur− rents. The threshold current is assumed to be fixed at 25°C in order to give an independent value of I ib with respect to the change in temperature or laser cavity parameters. As shown in Fig. 1(a) , after the end of pulse, N decay decreases exponentially with time and maintains finally at N ib . The value of N ib depends only on the external dc electrical cur− rent source. It should not be related to any laser cavity parameters. Moreover, we assume that N decay maintains approxi− mately at N th when the SLD is biased at or above threshold (i.e. r ³ 1). When the temperature increases further up to 55°C and 85°C as shown in Figs. 1(b) and 1(c) , respec− tively, N th increases due to increasing carrier density at transparency and decreasing both gain and photon lifetime. This would make the uncooled SLD to be biased below the threshold even when the dc−bias current I ib is equal to thre− shold one, i.e., r = 1.
The temperature dependence of the initial carrier density N i at the end of T interval (or at the beginning of the next pulse) can be written according to Eq. (8) 
with
The following remarks can be deduced from Eq. Moreover, it can be noted that the steep increasing the corresponding curves with r can be attributed to the leng− thening the space−time interval T interval due to the large N off . On the other hand, the increase in B rate , as depicted in Fig.  3(c) (which is the same as Fig. 3(a) but for B rate = 5 Gb/s), leads to increase of N i due to the shortening in T interval . 
Temperature dependence of turn-on time delay
Turn−on time delay t on of a single mode SLD can be calcu− lated by integrating the carrier density rate equation [ 
where q v = qV, q is the electron charge and V is the volume of active region, I inj is the device injection current. The pa− rameters N i , N th , and C are considered implicitly as a func− tion of the temperature T. In Eq. (11), we have assumed that stimulated emission is neglected [3] [4] [5] 9 ] through the period 0 £ t £ t on because the photon density is essentially zero. As− suming the infinite number n of recombination coefficients, the carrier density rate equation can be written as
where W n is the n th coefficient and W 0 , W 1 , and W 2 denote the recombination coefficients A, B, and C, respectively. The turn−on time delay can be determined as 
The above equation can be solved classically by partial fractions method. But the process will be complicated be− cause the one should find firstly specified coefficients/con− stants, then perform the integration process. The complexity increases as a number of the coefficients n increases.
In this paper we present a general solution of Eq. (13) that can be applied to infinite number of coefficients. How− ever, the solution will be more complicated when the num− ber of the coefficients n is large. Though, the complexity in our model is only the finding of the roots of specified polynomial only.
The solution of Eq. (13) 
where R k is the k th root of the polynomial P(R)
The value of k in Eq. (14) is equal to the number of roots of P(R), i.e., k = n + 1.
The above model is easy to apply and the only difficulty is to find the roots of P(R).
For n = 2 and by denoting W 0 , W 1 , and W 2 as A, B, and C, respectively, Eqs. (14) and (15) 
and
The three roots of P(R) can be found in the Appendix B. Equation (16) where the resultant expression is exact and in term of all main laser parameters. Approximate models of t on are given in the Appendices C, D, and E where under specified as− sumptions our proposed model reduces to the well−known approximate expression forms of t on .
In our study, the injection current is considered to be as
where I p is the modulation current and f(t) denotes the time varying function with either 0 or 1 level describing the bit format of I p . Unless otherwise stated, the typical values used in this paper can be found in Table 1 .
Recalling that, in this study, we considered all the exter− nal currents corresponding to a specified value threshold current [i.e., I th (25°C)]. In particular, both I ib and I p should not be related to the temperature or the changes of laser cavi− ty parameters such as Auger coefficient which is considered here as temperature dependent parameter.
For the sake of comparison, Fig. 4 shows the tempera− ture dependence of t on determined by both numerical method and our proposed model for r = 0.5, u = I p /I th = 1.55, N off = 1 and B rate = 1 Gb/s. This figure reveals that there is a complete agreement between our model and numerical method that is performed using MathCAD software pro− gram. Moreover, t on increases as T increases due to increas− ing N th and the Auger coefficient C which contributes at high temperature degrees.
Figures. 5(a), (b), and (c) depict t on as a function of r = I ib /I th for different values of the modulation current I p and N off = 1, B rate = 1 Gb/s and T = 25°C, 55°C, and 85°C, respectively. The value of I th = 19 mA at 25°C is considered. Figure 5(a) indicates that the increase of I p will reduce t on significantly. Moreover, biasing the SLD at I ib = I th , so that
approaches zero, will eliminate t on as mentioned before. On the other hand, the associated increase of t on with temperature, as depicted in Figs. 5(b) and (c) for T = 55°C and 85°C respectively, requires increasing the dc−bias current I i further up to~1.25I th and 1.5I th in order to eliminate t on . 
Conclusions
We have theoretically analyzed, according to an exact model, the temperature dependence of the turn−on time de− lay t on of uncooled SLD biased below, at and above thresh− old and in presence of a data pattern effect. We have shown that t on increases as the temperature of operation T increases due to increasing N th and decreasing N i . According to that, even when the laser diode is biased at or slightly above a threshold, a significant value of t on will be achieved when T increases within the range of 25-85°C. The corresponding range of dc−bias current I ib values necessary to eliminate t on has been calculated for different values of bit rates and OFF pulses preceding the considered ON pulse. Simulation re− sults showing the variations of initial carrier density and turn−on time delay as a function of dc−bias to the threshold currents ratio r = I ib /I th are presented. It has been revealed that I ib should be increased further up to~1.25I th and~1.5I th in order to obtain zero t on at 55°C and 85°C respectively. This will advantage the designer to know accurately the value of external dc−bias current required to obtain zero t on when considering an uncooled SLD in an optical commu− nication system.
Appendix A. Analytical expression form of N ib
It is well known that the physical relationship between the current and carrier density of SLD may be expressed approximately as 
Interesting only with real root solution, i.e., Eq. (A2), which represents a full analytical and exact expression form of N in terms the injected current I and the three−recombina− tion coefficients, the value of N ib can be determined as
which corresponds to the fixed value of I th . In the same con− text, it is worth to stress here that Eq. (A2) or (A5) is valid only for one case, i.e., determination of N according to I and vice versa and at fixed values of laser cavity parameters. This is because the external currents do not depend physi− cally on any change in laser cavity parameters. For instance, even when the Auger coefficient C changes with tempera− ture, the injection currents should be related to the fixed value of C, i.e., C at 25 o because, physically, the injection currents will not change when C changes. The currents depend on the external sources only. This should be fol− lowed in order to achieve the real effect of any parameter under the study.
and 
The polynomial P(R) has one root, i.e., k = 1, 
where the resultant expression of t on is in term of A only as a well known one.
Appendix D. Turn-on time delay in term of A and B
For n = ® 0 1, carrier density rate equation contains the co− efficients W 0 and W 1 , i.e., A and B, respectively. According to Eqs. (14) and (15), t on and P(R) can be expressed, after re− placing W 0 and W 1 by A and B, respectively, as
The polynomial P(R) has two roots, i.e., k = 1®2, 
The term ln(-1) in Eq. (D6) has no effect on the final result, therefore, it can be cancelled safely. Also, for the arbitrary x 
where the resultant expression term is in term of A and B as well known.
Appendix E. Turn-on time delay in term of B only
For this case, carrier density rate equation in Eq. (1) con− tains only the coefficient W 1 , i.e., B. According to Eqs. (14) and (15), t on and P(R) can be expressed after replacing 
where Y = q B I V i n j and the resultant expression is in term of B only.
